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2-3
1) a) Find the power series expansion of f(z) = ’ . What is the radius of convergence of
(1—-2x)(1—x)

this series?
Hint: —— = Zu", lul <1

n=0

3,0~z 4 4 _ .3
b) Evaluate lim —— % ~ % _
z=0 g2sin(z) — sin (2%)
e

2) a) Let @', ©” be two vectors such that @’ - v =1, @ x0 =i +j +k = (1,1, 1).

Find the angle between W and U

b) The equation of a circle in rectangular coordinates is given by 2> — 4v/32 +4? = 0. Find the
equation of the same circle in polar coordinates.
3) a) Find the equation of the plane passing through the points (0,0, 35), (0,—28,0), (20,0,0).

b) Find the distance from origin to the line of intersection ¢ of the planes z + y + z = 1 and

r—y+z=-1

4) Evaluate the following limits. (If they exist.)
3,2 1 /6
) SV
(z9)= 00) (22 +y?)?
4 5
0w CUHY
(z,9)—(0,0) =%+ Yy

5) a) Let f = f(z,y,2), * = u® + 4w, y = uw, 2 = w’®. Find fuu.

b) Let 2%yz® — 2xe¥ + In(z2) = 1 — €. Find the value of z, at z =¢, y =1, 2z = 1.



Answers

1) a)

2 — 3z A N B
(1-22)1—2) 1-22 1-x

2-3x=A(1-2)+ B(1—2x)

|
r=1 = B=1, =3 = A=1

2 3 1 1
IO =0 na—y ~ Tom 1oz

= i (23:)”4—%%"

n=0 n=0

n=0 n=0
1

The first series is convergent on {2x| <1 = radius of convergence is 3

The second series is convergent on ‘x| <1 = radius of convergence is 1.

1
= Radius of convergence of the sum is 5



1) b) The Taylor series expansions of sinx and e® around xy = 0 are:

2 3

PN LA
6_225_1+x+2!+3!+ :
n=

0 _1)n p2ntl 3 5

& B
Slnx—;m—x—y—f—g—

Therefore:

e et (_1)711,71 B LE2 1:3
D D T
00 —].)n <x3)2n+1 xg x15
i (%) = 5 T
Sm(‘r)_nzzo O TR TR
Using these in the limit, we obtain:
2 .3
et 4ot — g3 $3(1—x+§—§+~~)+x4—x3
lim S . N = lim 5 :
2=0 22 sin(x) — sin (z3) 20 xz(z—x—+—— ">_($3_1~_+_—
3! 3!
6
x3—x4+——x—|—|— +z —x
= lim 5 7 S 9 15
z—0 3 €T xT .3 x__x_
ST T TR T
x® b
B E 20 3!
= ;12% R
1 T
- lim 2! 3!
z— 0 1 3;‘2
—5i 5
3!
= ——_ =3



2)a) [@x7| = |@|F|sm0 = VETETE =3
v = }7“7‘(}089 =1
Dividing these equations side by side we obtain:

tand = V3 = 6:%.

b) Using 2 =rcosf and y =rsinf we obtain:

r2cos? 0 — 4vV3r cos 0 4+ r2sin20 = 0

r2 =4V3rcos = r=4v3cosh

3) a) Let P denote the point (0,0, 35), @ denote (0, —28,0) and R denote (20,0,0). Then

PG =-285 — 35k = (0, —28, —35)

— —
PR =27 — 35k = (20,0, —35)
%
77k
_>
The cross product is: }_'jCj) X 1_5}? =| 0 —-28 —-35|=35 (287> — 20‘7_'> + 16k )
20 0 —-35

We can choose the normal vector of the plane as w= <28, —20, 16>. Then, the equation of the plane is:

(x—0,y—0,2—35)-(28, =20, 16) =0 = 28z — 20y + 16z = 560

= Tz —5y+4z =140

- = o
. J  k
_>
b) The direction vector of the line is: =1 1 1]|=2i -2k
1 -1 1

Choosing = = 0, we find a point on the line (in other words, on both of the planes) as (0, 1, 0).
Therefore the equation of the lineis: x =2t, y=1, z= -2t

‘PQ X 27‘
Now, using the formula d = W with Q(O, 0, O) and P(O, 1, 0) we obtain thedistance as:
u

_ VP04 (2P

V@I TP+ (2P




4) a) Using polar coordinates, we obtain

, ) 5 30 ain?2 -6
 3cos36 - r2sin? 0 + 1S sin 0 T (COS @ sin“ 6 + rsin 9)
lim = lim

r—0 (Tz) 2 r—0 r4

r—0

= lim r ( cos® O sin? O + r sin® 6)

=0
_ 2 %
b) We can easily see that W < 1 and m < 1 therefore:
2y + 4 Y
g I S — — < < 2
2y 2y ly| + 2y yl < Jy[+ v < 2l
Using  lim |y| = 0 and then Sandwich theorem, we obtain:
(z,y)— (0,0)
4 5
m YTy,

(@y)— (0,0) x*+ y*

5) a) fw:fzxw_{_fyyw_l_fzzw:4fx+ufy+5w4fz
fow = AfooTw + fay Y + foz 20) + U(foo Tw + fyy Yo + fyz 20)

+20w3 f, + 5w (foz T + foy Yoo + foz 20)

= 16fza + 4ufyy + 20w £, + dufy, + quyy + 5uw4fyz

+20w? f, 4+ 20w f,,, 4+ Suw? f,,, + 25u8 f,,

b) Let F(z,y,2) = z%yz® — 2ze¥ + In(zz). Then
F, B 2223 — 2xeY
3x2yz2? + E
z
At the point z =¢, y=1, z=1 we obtain:

62—262_ e?
3¢24+1  3e2+1

Zy =
(z,y,2)=(e,1,1)



